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ABSTRACT: This research article studies an internally damped linear homogeneous string-like equation. Both ends of the
string are held fixed, whereas general initial displacement and velocity are considered. From mechanical and physical aspects
the problem describes a mathematical model of internally damped transversal vibrations of a moving or an elastic drive. From
Hamilton’s principle, a second order partial differential equation (PDE) for axially moving continuum is formulated. The axial
speed of string is considered to be positive, constant and small compared to wave velocity, and it is also assumed that the
introduced internal damping is small. The solutions of equation of motion are based upon two timescales method. By
application of this method, it will be shown that the internal damping does in fact affect the solution responses, and reduces the
vibration and noise in the system. It will also be shown that the damping generated in the belt system depends on the mode
number n, which is obviously expected from mechanical point of view.
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INTRODUCTION

Physical and mechanical systems are generally oscillatory
systems. Axially translating systems, for example, are
appearing in such category. Axially translating systems have
received much research attention since last six decades.
Axially translating systems have been observed in many
practical and engineering situations. The energy dissipation,
known as damping, can easily be associated to axially
translating systems, see Refs. [1-3]. Axially translating
systems have many engineering applications. For example,
conveyor belt systems, as given in Refs. [4-6], magnetic
tapes, pipes conveying fluids, data saving devices, and
elevator cable systems, see Ref. [5], and all such kind of
systems are bound to vibrations.

The research study of axially translating systems with
constant or time-varying velocity and viscous, internal or
boundary damping have received much importance in
manufacture and design. It is common experience that the
vibration causes severe failures to many mechanical or
physical structures. In this view, it becomes necessary to
design systems where unnecessary noise and vibrations can
be reduced by means of solid procedures. Tacoma Narrows
bridge has been a good example in education and research
institutions for a structural collapse. This collapse was due to
winds at certain speed. Apart from damaging structures, the
vibration also causes human problems, that is, vibrations
create anxiety to society. Keeping in view the effects of
vibrations, it is matter of necessity to formulate methods and
procedures to decrease vibrations from the physical and
mechanical systems.

In many cases, damping devices can be kept through the
support conditions to control vibrations through boundaries
as seen in Refs. [4-7]. In Ref. [8] the damping device is
attached through whole spatial domain of the translating
system. The reflection and damping properties for a wave
equation have been studied in Ref. [9], where the authors
have provided interesting results for a semi-infinite string.
For different boundary conditions, in Ref. [10], the authors
have provided detailed analysis for the energetic of the
elevator cable systems. The authors, in Ref. [11], studied the

energetics of an axially translating continuum. They studied
the case for fixed supports for string-like problem and the
case for simple supports in case of beam-like problem. In
Ref. [12], authors have provided analysis of dampers
connected at middle of string and beam. But the position of
the damper plays significant role. If the damper is introduced
at wrong spatial position it may increase energy of motion
and may destabilize the system, for details see Ref. [13].

In this article, an internally damped string-like equation is
considered. The article has been organized in following way.
In Section 2 the governing equations of motions are
formulated systematically from the physical principles. In
Section 3 the analytic approximations of solutions of an
initial boundary value problem are obtained by using multiple
timescales method. Section 4 discusses results obtained in
Section 4, and Section 5 represents the concluding remarks
and future research directions.

THE GOVERNING EQUATIONS

This section is based on equations of motion related to axially
translating elastic system with suitable initial and the
boundary conditions will be formulated by the application of
the Hamilton's principle, see for instance, Ref. [8]. Consider a
conveyor belt system which moves with an axial velocity V
between a pair of pulleys that are located at a distance L
meters apart. The transversal vibrations of the conveyor belt
system can be modeled as a tensioned string-like equation.
The mathematical model of a traveling tensioned string under
internal damping is based on the following assumptions:

- The variable x is the spatial coordinate, the variable t is the
time,

- u(x,t) models the displacement field in vertical direction
from equilibrium position,

- Z—I: = u,(x,t) + Vu,(x,t) is the material velocity, where

u;(x, t) is the local velocity at a fixed position at time t and
Vu,(x,t) is transversal velocity component due to axial
velocity V with slope u,(x, t) at a fixed time t,

- P = P(x,t), is component of tension in vertical direction,

- The mass of string per unit length, p, is constant,

- The internal damping coefficient § is assumed to be
constant,
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- The transversal vibrations are assumed to be small, and

- The effects of the gravity and the other forces are neglected.
To be more specific about the vertical component of the
tension P = P(x,t), it is possible to include the material
damping in the system. It is evident that during the vibration
of the string in the vertical direction particles are constantly
rubbing each other as the string vibrates. This process of
rubbing of the particles converts some kinetic energy into
heat and so decreases the tension in the string and damp out
the vibrations. As the vibrations become faster, the more heat
is generated in the system. Thus, the tension in the string,
P =P(x,t), does not only depend on the relative
displacements wu,(x,t), but also on the total time rate of
change of these relative displacements, %(ux) = Uy +
Vu,,, since the string moves with velocity ¥ in positive x
direction. Thus, the total vertical component of the tension
becomes P(x,t) = Ty (%, ) + B (Upye (x, £) +
V. (x,t)), where T is the constant horizontal tension in the
string and where £ is the coefficient of the material damping
which is assumed to be constant. Thus, the string-like
equation is given as follows,

p(utt + 2Vuy, + I7ux + Vzuxx) — Ty @)
- .B_(uxxt + Vuxxx) =0;0
<x<Lt>0,

with the fixed boundary conditions,
u(0,t) =u(L,t) =0;
and the general initial conditions,
u(x,0) = f(x),and u(x,0) = g(x); 3)
The terms in the bracket into Eqg. (1) represent acceleration
quantities. The equations contained in (1)-(3) can be put into

a non-dimensional form by using following dimensionless
quantities: u =T, X' =t —L,VO—C,(SO—ch,f =

t>0 (2)

f,g* = %, where ¢ = /T/p is the wave velocity. Thus, the

equations (1)-(3) into non-dimensional form become:

U + 2Vouye + Vot + (VE — Dty 4)
- 60(uxxt + VOuxxx) = 0.
The boundary conditions are given as,

u(0,t) = 0,and u(1,t) = 0. (5)
The initial conditions are given as,
u(x,0) = f(x),and u.(x,0) = g(x). (6)

THE ANALYTICAL APPROXIMATION

This section is devoted to construction of an approximation
of the solutions to the initial-boundary value problem (4)-(6)
by using a multiple timescales perturbation method. For a
complete overview of this method, see Refs. [14,15,16].
Following two assumptions are made to utilize a two
timescales perturbation method. The axial velocity V7 of the
string is assumed to be small compared to wave velocity ¢
and that the damping coefficient 3 is small compared to pcL.
Based on these two assumptions, it is reasonable to write

Vo=L=0(), and &, = pi =0(g), that is, V,=
eV and 8, = €8. The parameter ¢ is a dimensionless small

Qs
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parameter as described by 0 < e <« 1. Utilizing these
assumptions in Egs. (4)-(6), it follows that

Upe — Uyy = —2VUy — €2V Uy + E0ULye ©)
+ 26V Uy,
u(0,t;¢) = 0,and u(1,t;¢) =0, (8)

u(x,0;¢) = f(x), and u.(x,0;¢) = g(x). 9
According to a two timescales method a function u(x, t; €) is
supposed to be a function of spatial variable X, the fast
timescale t=t and, the slow timescale z=¢t. For this reason,

u(x, t; ) = y(x, t,1;€). (10)
By using Eq. (10), the time derivatives can be transformed as
follows,
U =y + €y, (1)
Ue = Vi + 28V + 523’11-
By substituting Egs. (10)-(11) into Egs. (7)-(9), the problem
iny up to O(e) is given as follows,
Vet — Vax = —28Ver — 26V Yyt + E6Yxnt, (12)
y(0,t,1;¢) =y(1,t,T;¢) =0,
y(x,0,0; &) = f(x),y:(x,0,0; €)
=g(x) — ey (x,0,0;¢).
Usually it is assumed that not only the function u(x, t; €) can
be approximated by the asymptotic expansion, but also the
function u(x, t; &) = y(x, t, t; €) can be approximated in the
powers of ¢ in the asymptotic expansion as follows,

y(x,t,7;8) = yo(x,t,7) + &y, (x, t,7) + €2+, (13)
and that all the y;’s for j = 0,1,2,3 -+, are found in such a
way that no unbounded (secular) terms arise. It is also
assumed that the unknown functions y; are 0(1). Now, by
substituting Eq. (13) and its subsequent derivatives into Eq.
(12), then by equating the powers of &%ande!, and
neglecting the 2 and the higher powers of &, the 0(1)-
problem is followed as given by,

yott - yoxx = 0' (14)
yO(O' t, T) = }Jo(l' t, T) = 0;
¥0(x,0,0) = f(x),y0,(x,0,0) = g(x).
The O(&)-problem is given as,
Yige T Vi = _Zyotr - 2Vyoxt + 6y0xxt’ (15)

y1(0,¢,7) = y1(0,t,7) = 0,
yl(x' 0'0) =0, ylt(x' 0'0) = _yOT(x! 0'0)
It can be observed that the O(1)-problem has solution only
for the positive eigenvalues, 1 = (nm)?,n € N, for details the
reader is referred to Ref. [17,18]. Thus, the solution of 0(1)-
problem is given as follows,

- (16)
Yot t,7) = ) (Ao (z) cos(rmt)

+ B, (7) sin(nmt)) sin(nmx),
where A,,and B, are undetermined functions of slow
variable 7, often known as Fourier coefficients and, they can
be obtained from the O(¢e)-problem. The values of the
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constants A,,,(0)and B,,4,(0) can easily be obtained by the
initial values as given in Eq. (14) and by using the

orthogonality properties of the eigenfunctions. The
eigenfunctions sin(pmx)p € N satisfy the following
orthogonality properties, as given by

17

1
f sin(prx) sin(qnx)dx = 0,forp # q
0

1
=3 forp=gq.
Thus, by using the initial values as given in Eq. (14) and the
orthogonality properties of the eigenfunctions as given in Eq.
(17), A, and B, are given as

! (18)
A,0(0) = 2[ f(x) sin(nmx) dx,

0

! (19)
nmB,,(0) = ZJ- g(x) sin(nmx)dx.
0

Now, the eigenfunction expansion method is introduced in
solving the O (¢&)-problem. Following form for the solution
v, (x,t,T) is assumed,

e (20)
ML) = D W, Db (),

where w,, (t, t) are the unknown functions of t and r and are
called generalized Fourier coefficients, and where ¢, (x) =
sin(nmx) are the eigenfunctions. Thus, by substitution of Eq.
(20) in the O(¢&)-equation, it yields

- (21)
> (W (6 + (0w (6,0 ()
n=1

= _zyotr - zvyoxt + 6y0xxt'
Now, by substitution of the solution y,(x, t, ) from Eq. (16)
into Eq. (21), it follows that

- (22)
D (W (60 + @i (,0) o ()
=<2 Ruf (60 0@
—2V ) Ry, (6,0 (%)
8D Ra (6,0 9100,
where R, (t, ) is given by,
R, (t,T) = A, (7) cos(nmt) + B,o(7) sin(nmt). (23)

By multiplying both sides of Eq. (22) with ¢,,(x), then by
integrating the so-obtained equation from x =0tox =1
with application of the orthogonality property of
eigenfunctions, it follows that
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Wmtt (t’ T) + (mT[)ZWm (tl T) (24)
= —2Rp,. — 4V R, O

— §(mm)?Ryy,,

— 4V Z Ry, Onms

n=1nm
where 0,,,,, are constants depending on the indices m and n,
and their values are given as follows

r (25)
On = | BRI
0
Note that ©,,,, = 0 for all integers m. Thus, by using this
value of ©,,,,, changing index from m to n and making use of
Eg. (23) into Eq. (24), it readily follows that
Wy, + ()W, (26)
= nr(2450(t) + (n)28 A (7)) sin(nmt)
—nm(2B}o (1) + (n)28By (7)) cos(nmt)

+ Z AV (M1)? (Ao (2) sin(mt)
m=1m#n

- BmO (T) cos(mnt))@mn
On right hand side of Eq. (26) first two terms are the
solutions of the homogeneous equation. Such terms will give
rise to secular (unbounded) terms in the solution w,(t, 7).
Since we have already assumed that the functions
vo(x,t,7),y,(x,t,T), - are bounded on timescale of 0(¢71).
Thus, to have secular free behavior, the following solvability
conditions are imposed in Eq. (26), that is,

(nm)%6
Apo(0) + Y Apo(r) =0,

(nm)?6
Bpo(D) + TBno(T) =0.

The solutions to above system of two uncoupled ordinary
differential equations in (27) are given as follows

@7)

(nm?s 28
Apo(®) = Ano(0)e™ 2 7, (28)
_(nm)?s
Bpo(t) = Bpo(0)e™ 2 Y
where A,,(0)and B,,(0) are given in Egs. (18) and (19),
respectively. Thus, by using Eq. (28) into Eq. (16), the
complete solution to 0 (1)-problem is given as follows,

) (29)
Y0 t,D) = ) €T 2 (Ayo(0) cos(rmt)
n=1
+ B, (0) sin(nmt)) sin(nmx).
2
Now, by substituting T = &t into the expression, —@1,

and then dividing the so-obtained expression by t, the
damping parameter I, for all the oscillation modes can be
approximated by,

nm)?s
Fn=—s( 2) .

Thus, from Eqg. (26) with Eq. (27), it follows that

(30)
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Wy, + (n1)?w,, (31)

= Z 4V (1) (Ao (7) sin(mat)

m=1m#n

- mO(T) cos(mnt))@mn.
It can be seen that the Eg. (31) is a second order
nonhomogeneous ordinary differential equation in w,(t, 1),
which yields a homogeneous solution to a homogeneous part
of equation and a particular integral to a nonhomogeneous
part of equation. Thus, the total solution to Eq. (31) is given
as

wy,(t, 7)
= A1 (1) cos(nmt) + B, (7) sin(nmt)

Z 4V (mm)?0,,,

(nm)? — (mm)?
m=1m#n

— By (7) sin(mmnt)),
where A,,; (t)and B, (t) are yet undetermined functions of a
slow variable z, these functions can be obtained from the
0(&?)-problem. Thus, the Eq. (20) with Eg. (32) can be
expressed as

(32)

(Ao (1) cos(mmt)

yl (fo’ t' T) (33)
- Z {Anl(r) cos(nmt) + B, (v) sin(nrt)
nzi 4V (mm)?0,,,

() = ()2 Amo (0 cos(mt)

m=1m+#
— B, (7) sin(mmt)) sin(nmx).

Now, by using the inner product (17) and the initial values in
Eq. (15) with Eg. (16) into Eg. (33), it follows that
A, (0)and B,,;(0) are given by

A1 (0)

s

m=1lm#n

nmB,,(0)

(34)
4V (mm)?0,,,

(nn,)z _ (mT[)Z AmO (0)1

(39)
3 4V (mm)30,,,
B Z , (nm)?2 — (mm)?

m=1m=

— Ano(0).
It can be observed that the solution y, (x,t, t) still contains
infinitely many undetermined functions A,,(t) and
B4 (1), for n € N. These unknown functions will be used to
prevent the unbounded terms in solution y,(x,t, 7). At this
time, it is not reasonable to construct the higher order
calculations. This is a reason, we can take A,,(7) =
A,1(0) and B, (t) = B,1(0). So far, a formal asymptotic
expansion y(x,t,7) = yo(x,t,7) + ey, (x,t,T) has been
constructed for u(x,t), where y,(x,t,7) and y,(x,t,7) are
continuously differentiable two times with respect to t, two
times with respect to x, and infinitely many times with
respect to .
RESULTS AND DISCUSSION

BmO (0)
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The aim of this section is to comment, interpret and explain
the results obtained in previous section. Using the complete
analytical solution of the O(1)-problem, the influence of
small parameter ¢ and the damping parameter on the axially
translating system will be discussed in detail. By using the
0(1)- and the O(&)-solutions, it turns out

_(nm)?26 .
u(x,t) = Z e 2 " (A,0(0) cos(nmt)

n=1

+ B, (0) sin(nmt)) sin(nmx),

where A,,(0)and B,,,(0) are given by Egs. (18) and (19).
From physical view point, all terms can be explained in
above solution to the IBVP (4)-(6). The terms
Ap0(0) cos(nmt) + B,,0(0) sin(nmt) are the oscillation terms
obtained from a time-dependent part of the equation. These
terms oscillate with frequencies n for n € N, where sine
terms have maximum oscillation amplitudes A,(0) and

cosine terms have maximum oscillation amplitudes B,(0).
(nm)2s
The term e™ 2 is arisen due to internal damping in the

system. This term indicates that as the time parameter t will

increase for fixed values of & and & the size of the
oscillation amplitudes An(0) and Bp,(0) will start to decrease
and it also shown that as mode number n starts to increase the
oscillation amplitudes tend to decrease for fixed &, €, and t.

The last term Sin(nﬂ'X) is the solution of the space-

dependent part which describes the shapes of the oscillation
curves along x-axis for fixed values of the time parameter t.
CONCLUSIONS AND FUTURE WORK

In this research article, an initial-boundary value problem
(IBVP) for the internally damped axially translating continua
has been studied. Solving the IBVP a method of two
timescales has successfully been applied to obtain the
analytic solutions of a proposed mathematical model. This
mathematical model is based upon the transversal vibrations
of a conveyor belt system. It has been shown, in this paper,
that all oscillation modes are damped for the system. It has
also been shown that damping rates are, in fact, depending on
mode numbers n. From mechanical point of view, this
response is reasonable because as oscillations increase the
more heat is generated in the system which internally damps
the vibratory energy of motion. As modes increase the
oscillation amplitudes decrease and the belt system gets
stable. This research problem can further be extended to
internal damping of an axially translating beam with constant
and time-dependent velocities.
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